AUTOEQUIVALENCES OF DERIVED CATEGORY OF A 
K3 SURFACE AND MONODROMY TRANSFORMATIONS 



Shinobu Hosono, Bong H. Lian, Keiji Oguiso, Shing-Tung Yau 

Abstract. We consider autoequivalences of the bounded derived category of coher- 
ent sheaves on a K3 surface. We prove that the image of the autoequivalences has 
index at most two in the group of the Hodge isometries of the Mukai lattice. Moti- 
vated by homological mirror symmetry we also consider the mirror counterpart, i.e. 
symplectic version of it. In the case of p{X) = 1, we find an explicit formula which 
reproduces the number of Fourier-Mukai (FM) partners from the monodromy prob- 
lem of the mirror K3 family. We present an explicit example in which a monodromy 
action does not come from an autoequivalence of the mirror side. 
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§0. Introduction - Motivation and Backgrounds 
Our main results are Theorems 1.6, 1.9, 1.17 and Proposition 5.8. 

In this paper we study the bounded derived category of K3 surfaces motivated 
by homological mirror symmetry of K3 surfaces. 

Homological mirror symmetry due to Kontsevich [Ko] is based on homological 
and algebraic aspects of manifolds where one considers certain derived categories 
of manifolds, i.e. the bounded derived category D{X) of a projective variety X, 
and the bounded derived category DFuk{X, fi) of the Fukaya category Fuk{X, (5) 
for the mirror X with its symplectic structure (3. (See [F03], [Fu] and reference 
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therein.) The homological mirror symmetry conjecture says that when X and X 
form a mirror pair, there should be a (not necessarily canonical) exact equivalence 

D{X)^ DFuk{X,(3), 

where /3 is a generic symplectic structure and a generic complex structure is assumed 
for the left hand side. Despite its homological and algebraic nature, homological 
mirror symmetry bears a close relationship with geometric mirror symmetry due to 
[SYZ] which is based on the symplectic geometry of the underlying C°°-manifolds. 
See also [Mo2] and reference therein for details. 

The following mathematical problems are important for understanding fully the 
homological mirror symmetry: 

a) determine the group of autoequivalences D{X) D{X), 

b) determine the set of varieties Y s.t. D{Y) = D{X), i.e. FM partners of X. 
Recent results by Orlov[Or2] solve both problems when X is an abelian variety. 
For K3 surfaces, the problem b) has been studied in detail [Or2],[BM],[Og2]. 

In this paper, we first consider the natural map from the autoequivalences to 
the Hodge isometrics of the Mukai lattice and prove that the image is a subgroup 
of index at most two (Theorem 1.6). Next we consider the mirror counterpart of 
the problem a), i.e. the group of autoequivalences of DFuk{X, (5). However at this 
moment not much is known about this side. So we consider the group Symp(X, (3) 
of the (cohomological) symplectic diffeomorphisms, more precisely the (cohomolog- 
ical) symplectic mapping class group noSymp{X , P) = Symp{X, P)/ Symp°{X, (3), 
as a natural substitute for AuteqDFuk{X , (3) (Definition 1.7). Under this substi- 
tution wc prove that the pullback of the differential forms induces a surjcctive map 
from Symp(X,/3) to an orthogonal group 0+(T(X))* of the transcendental lattice 
(Theorem 1.9). 

Second, we consider a mirror family in the sense of Dolgachev [Do] and define a 
monodromy group M (X) of the family. Then using the surjective map in Theorem 
1.9 we define a monodromy representation of the group 7roSymp(X, /3) and consider 
its image MS{X) = 0^{T{X))* in M{X). Surprisingly, for K3 surfaces with 
p{X) — 1, wc find that the group index [A^(X) : A4S{X)] coincides with the 
number of FM (Fourier-Mukai) partners obtained in [Og2] (Theorem 1.17). 

Finally, we present explicit calculations of the group index of the monodromy 
representation in the first non-trivial case X of deg{X) — 12. That the monodromy 
of the mirror family are realized by autoequivalences in mirror symmetry was first 
suggested by Kontscvich (sec e.g. [Mo2]) and this has been studied further for 
example in [Hor] , [ST] , [ACHY] . Our example shows that this need not be the case 
when we have non-trivial FM partner (Proposition 5.8). Our example has ap- 
peared in [LY1][LY2], and also studied in detail in completely difii'erent context 
[PS] [BP] (before the mirror symmetry). 

After we have posted the preliminary version of this paper, B. Szendroi kindly 

pointed out to us a mistake in the preliminary version. We are also grateful to him 
for informing us of his work in mirror symmetry of K3 surfaces. (See section 5 of 
[Sz].) 

Wc also thank D. Huybrechts for informing us of his student, D. Ploog's work 
on the map AuteqL'(X) OHodge{H{X, Z)). 
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§1. Statements of main results 

(1-1) Autoequivalences and Im(AuteqI?(X) OHodge{H{X,Z))) 

Let X be a K3 surface, a smooth projective surface over C with Ox{Kx) = Ox 
and h^{Ox) = 0. We denote by (*,**) the symmetric bilinear form on H^{X,Z) 
given by the cup product. Then (iJ^(X, Z), (*,**)) is an even unimodular lattice 
of signature (3, 19). This lattice is isomorphic to the K3 lattice Aks := -E'8(— 1)®^® 
(7®3 -vifhere U is the hyperbolic lattice ( an even unimodular lattice of signature 
(1,1)). An isomorphism r : H'^{X, Z) Aks is called a marking and a pair {X,t) 
is called a marked K3 surface. We denote by NS{X) = Pic(X) the Neron-Severi 
lattice of X and by p{X) the Picard number, i.e. the rank of NS{X). The lattice 
NS{X) is primitive in H'^{X,Z) and has signature {l,p{X) — 1). We call the 
orthogonal lattice T{X) := NS{X)-^ in H'^iX, Z) the transcendental lattice. T{X) 
is primitive in H'^{X,Z) and has signature (2,20 — p{X)). We denote by Wx a 
nowhere vanishing holomorphic two form. Then the natural inclusion 

Cujx ® Cu)x C T{X) O C 

defines a Hodge structure of weight 2 on T{X). 

Based on the original work by Mukai[Mu2], Orlov[Orl] showed that Fourier- 
Mukai transform on the bounded derived category of coherent sheaves induces a 
Hodge isometry of the Mukai lattice. Let us summarize basic definitions. 

Definition 1.1. For a K3 surface X , we define the Mukai lattice to be a lattice 

H{X, Z) := {H\X, Z) © H-'iX, Z) ® H\X, Z), ( , )) , 

with its non-degenerate bilinear form ((a, 6, c), (a', 6', c')) ;= —(a. c') — (c, a') + {b, b') 
using the cup product ( , ) of the cohom,ology ring ®i/*(A', Z) = H^{X,Z) ® 
H^{X, Z)(BH*{X, Z). Then there is an isomorphism as lattice H{X, Z) = U (B-^-ks, 
where U is the hyperbolic lattice and A^s = U®^ ® Es{-1)®'^. 

Definition 1.2. An isometry of the Mukai lattices : H{X, Z) — > H{Y, Z) is 
called Hodge isometry if it satisfies ip{Cwx) = Ccoy, and is denoted by 

ip : {H{X, Z), Cojx) ^ {H{Y, Z), Cwy). 

For Y = X, we define the group of Hodge isometrics 



OHodge{H{X, Z)) := {VP : {H{X, Z), Cwx) ^ {H{X, Z), Cwx)}. 
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For a smooth projective variety X we denote by D{X) := D'^^i^{X) the bounded 
derived category of coherent sheaves on X, which hereafter wiU be called simply 
the derived category of X. ObD{X) then consists of the bounded complexes of 
coherent sheaves on X. D{X) is naturally regarded as a triangulated category. 
(See [GM] for details.) In this paper, by a functor F : D{X) D{Y) we always 
mean a functor as a triangulated category, i.e. a functor which commutes with the 
shift functor and preserves the distinguished triangles. 

A functor F : D{X) D{Y) is called an equivalence if there exists a functor 
G : D{Y) D{X) for which we have the relations G o F ^ id_D(x) and FoG = 
id_D(y) as functors. G is called quasi-inverse of F. The isomorphism class of G 
(as a functor) is uniquely determined by the isomorphism class of F, although G 
itself is not uniquely determined. The group of the isomorphism classes of (self- 
)equivalences F : D{X) D{X) is called an autoequivalence of D{X) and will be 
denoted by Auteq£>(X). Note that AuteqD{X) is a set and hence a group because 
of the finiteness condition on the coherent sheaves. 



For smooth projective varieties X,Y and £ € D{X x y), we consider a functor 
:D{X)^ D{Y) defined by 



where ttx : X xY ^ X and tty : X xY ^ Y are the natural projections; Trx{a, b) = 
a,nY{a,b) = b. In this paper we abbreviate the functor (1.1) as $^^y(A') = 
7ry,(f (S> ttJj-A') and also write if X = Y. 

In what follows we will be mainly concerned with the case where the functor 
^x^Y gives an equivalence. In this case, this fimctor is called a Fourier- Mukai(FM) 
transform and £ ^ D{X xY) \s called its kernel. The following fundamental result 
by Orlov allows us to represent an equivalence in the form of FM transform: 

Theorem 1.3. ([Orl]) For smooth projective varieties X,Y and an equivalence 

: D{X) D{Y), there exists £ e D{X x Y) such that <i>x^Y = $i^y 
Moreover £ is determined by $ unique up to isomorphism as an object in D{X x 



For an element = {J^*) G ObD{X) we define the chern character ch{T) = 

Y.^{-^y ch{T^) e H{X, Q) := (BkH'^'^iX, Q). This is well-defined by the definition 
of D{X). Furthermore by the uniqueness of the kernel £ G D[X x Y) up to 
isomorphism in Theorem 1.3, the chern character ch{£) does not depend on the 
choice of the kernel representing an equivalence 4>. 

Now let us restrict our attention to K3 surfaces. The following is a fundamental 
Theorem essentially due to Mukai: 

Theorem 1.4. Let X be a K3 surface and Y, Z smooth projective manifolds. 

1) If ^ : D{X) D{Y) is an equivalence, then Y is a K3 surface. 

2) For each X £ D{X), ch{X) e H{X, Z). 

3) An equivalence $x->f • ^{^) ~^ ^0^) induces a Hodge isometry 



(1.1) 



Y). □ 



/i^y :iJ(X,Z)^i/(y,Z) 
defined by fx^vix) = i^y*{Z ■ 'i^*xx), where 
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4) If both 4>i_y : D{X) D{Y) and ^^^z ■ ^0^) ^ D{Z) are equivalence, 
then fx-^z ~ Iy^z ° fx^Y holds as an isometry II{X,Z) H{Z,Z), where 
E" G D(X X Z) is a kernel representing the equivalence ^y^z°^x^y '■ ^i-^) ~^ 
D{Z). 

Property 1) is well-known (see for example [Mul],[BM]). Property 2) and the 
fact that Z e H{X x Y, Z) in 3) arc due to the even property of H'^{X, Z) for K3 
surfaces. Property 3) follows from the following facts: the result by Mukai (Theorem 
4.9, [Mu2]) shows that fx^Y isomorphism, and further it preserves the bilinear 
form ( , ) (Lemma 4.7,[Mu2]). Since the kernel E G D{X x Y) is algebraic, this map 
preserves the Hodge decomposition and therefore Civx is mapped to Cuiy- The 
property 4) follows from the projection formula and the Grothendieck-Riemann- 
Roch theorem. (See an argument [Mu2, pp. 382-383].) 

Corollary 1.5. Let X be a K3 surface. An autoequivalence <I>^ := ^x^x '■ 
D{X) D{X) induces a Hodge isometry f^ := f^^x ■ ^{X, Z) ^ H{X, Z) 
which makes the following diagram commutative: 

D{X) 
HiX,Z) 

We write f^ = ch{^^). Then we have ch{^^^ o $^2) _ c/i($^i) o ch{^^^), i.e. we 
have a group homomorphism: 

ch : AuteqD{X) ^ OHodge{H{X, Z)) (1.2) 

Theorem 1.6. (Main Theorem 1) Let be the involution which maps (a, 6, c) G 
H{X,Z) to{a,-b,c). Then 

{ch{AuteqD{X)), i2} = OHodae{H{X,Z)). 

In particular, the subgroup ch{AuteqD{X)) has index at most two in OHodge{H{X, Z)). 

Our proof of Theorem 1 .6 is an easy combination of the arguments in [Mu2] , [Or] , [BM] 
together with the reflection functors by spherical objects defined in [ST]. We present 
its full details in the next section. 

(1-2) Symplectic diffeomorphisms and surjectivity to 0+(T(y))* 

Let y be a K3 surface and A{Y) C NSiY) (g) R the ample cone, i.e. an open 
convex cone in NS{Y) (S) R generated by the ample classes. We note that due to 
[Ya] and the real Nakai-Moishezon criterion [CP](, see also [To]), any class in A{Y) 
is represented by a unique Ricci-flat Kahler form on Y. 

Definition 1.7. Let ny G A{Y), and Dif fiY) be the dijfeomorphism group of the 
underlying real C°^-four manifold Y . 

1) The pair (F, Ky) or simply Ky is called a (cohomological) symplectic structure of 
the underlying real C°°-four manifold ofY. 



D{X) 
H(X,Z) 
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2) The group SyrapiY, Ky) := {g £ Diff{Y) \ g*KY = ny} is called the (coho- 
mological) symplectic diffeomorphism group of {Y,ky), where g* : H^{Y,Z) 
H^{Y, Z) is the isometry induced by g. 

3) The group TroSymp{Y, Ky) '■= Symp{Y,Ky)/Symp'^{Y,Ky) is called the sym- 
plectic mapping class group of {Y,Ky), where Symp°{Y,Ky) is the connected 
component of the identity. 

4) A symplectic structure {Y,Ky) is said to be generic if every primitive lattice 
P c i?^(F, Z) with Ky e P ®'R contains NS{Y). In other words, {Y,Ky) is 
generic if it characterizes NS{Y) as the minimal primitive sublattice in H'^ {Y, Z) 
which contains Ky after the tensor product (g)R. □ 

Remark. 1) If we choose an integral basis ei,--- ,ep of NS{Y) and represent 
Ky = '^aiCi [ai € R), then the condition of Ky generic is satisfied if and only if 
,ap are linearly independent over Q. Therefore the set of generic symplectic 
structures Ky is the complement of countably many proper hyperplanes in A(Y). 
2) Our definition of Symp{Y, Ky) is cohomological in nature. It need not preserve 
a symplectic form representing the class Ky . Since the mirror map relates complex 
structures with positive classes (cf. [Do]), this group seems more natural than the 
group of symplectomorphisms at least in our context. □ 

Let L be a lattice of signature {p,q) and consider its isometry group 0{L). 
We denote by 0^{L) the subgroup consisting those isometrics which preserve the 
orientation of the maximal positive definite subspaces in L (g) R. More precisely, 
g e O"*" [L) if and only \{ -k o g induces an orientation preserving isomorphism for 
every positive p-spacc H in L(g)R, where tt : i(g)R H is the orthogonal projection. 
For the transcendental lattice T{Y), we consider the group of isometries 0{T{Y)) 
and the natural orthogonal representation of 0{T{Y)) on its discriminant group 
At{y) ■= T{Y)* /T{Y) with its (Q/Z-valued) bilinear form naturally induced from 
that of T{Y). Then we define 

0{T{Y)r := Ker(0(T(y)) - 0(^t(f))) (1-3) 

and set 0+{T{Y))* := 0{T{Y)y n 0+{T{Y)). 

Theorem 1.8. ([Don, Section VI]) For a K3 surface Y , we have: 

1) Ifg e Diff{Y), then g*\H-iY,-L) G 0+{H\Y,7.)). 

2) The natural map Diff{Y) 0~^{H^{Y,Z)) given by 1) is surjective. □ 

Using this, we prove in section 3 the following symplectic analogue of Theorem 
1.6: 

Theorem 1.9. (Main Theorem 2) Let {Y, Ky) be a generic symplectic structure 
on Y. Then: 

1) Ifg e Symp{Y,Ky), then g* {N S (Y)) = NS{Y), g*{T{Y)) = T{Y) andg*\NS(Y) 
= idNS(Y), g*\T(Y)€0+iT{Y))*. 

2) The natural map noSymp^Y, Ky) 0^(T{Y))* induced by 1) is surjective. 

Remark. The kernel 0{T{Y))* is a subgroup of 0(T(F)) consisting those elements 
^T{Y) such that {^T{Y), '^<ij;fs(Y)) € 0{T{Y)) x 0{NS{Y)) extend to isometries in 
0{II{Y, Z)). In the context of the mirror symmetry, we will identify the K3 surface 
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Y with the mirror X of a K3 surface X. There the group 0~^{T{Y))* will be 
identified with a subgroup of OHodge{H{X, Z)). □ 

(1-3) Mirror symmetry of marked M-polarized K3 surfaces 

Our results (Theorem 1.6 and Theorem 1.9) have clear interpretations in terms of 

homological mirror symmetry of K3 surfaces. In order to describe them, we discuss 
mirror symmetry of marked M-polarized K3 surfaces following Dolgachev[Do]. 

Let us consider a lattice M of signature (1, t) and assume a primitive embedding 
tM ■ M ^ Ak3. We fix this embedding lm and identify M and iM{M) in Aks- 
Then a pair {X, r) of a K3 surface X and a marking r : H^{X, Z) Aks is called 
a marked M-polarized K3 surface if t~^{M) c NS{X). We call a K3 surface X 
M-polarizahle if there is a marking t : {X, Z) Ak3 such that (X, r) is a 
marked M-polarized K3 surface. Two marked M-polarized K3 surfaces (X, r) and 
{X' ,t') are said isomorphic if there exists an isomorphism ip : X ^ X' such that 
r' = T o (p* . 

Let {X, r) be a marked M-polarized K3 surface and lox be a nowhere vanishing 
holomorphic two form. Since NS{X) = H^^'^{X)nH^{X, Z) = {CuJx)^r]H^{X, Z), 
the line t{Cu!x) is always orthogonal to M (g) C. Also since {oJx,(^x) = 0, 
{oJxj'jjx) > 0, the line t{Cu!x) lies in the period domain 

fi(M-L) := {Cu e P(M-L ® C) I {uj,uj) = 0, {oj,u)) > } 

for the orthogonal lattice M^ in Aks- The point t{Cujx) is called period point 
of {X, t) . A local family of marked M-polarized K3 surfaces is a family f : X ^ 
B of K3 surfaces together with a trivialization (i.e. a marking) r = UtggTt : 
R'^/^Zx^Akr X B such that t-1(M x {t}) C NS{Xt). Then the period map, 
which sends each Xt{t G B) to its period points in Q{M-^), defines a holomorphic 
map from B to il,{M-^). Due to the surjectivity of the period map (see e.g. [BPV]), 
the period domain ri(M-'-) parameterizes the marked Af-polarizcd K3 surfaces, and 
a generic point t £ f2(M-'-) comes from a marked M-polarized K3 surface {X,t) 
such that T-^M) = NS{X). 

Mirror symmetry of K3 surfaces is well described for marked M-polarizcd K3 
surfaces especially when the orthogonal lattice M-"- contains a hyperbolic lattice, 
i.e. M""- = U ® M. In this case we have the following embedding 

M®[/®McAk3, (1.4) 

where M and M arc of signature (l,t) and (1, 18 — t) respectively. In this paper 
we always assume the above property (1.4) for the lattice M. And we say that 
the family of marked M-polarized K3 surfaces is mirror symmetric to the family of 
marked M-polarized K3 surfaces, following [Do]. 

For the description of mirror symmetry, it will turn out that the Mukai lattice 
is more natural than the K3 lattice Ak3. Corresponding to the K3 lattice, let us 
define abstract Mukai lattice (A, ( , )) by 

A = AO ® Aks ® A^ 

where A° := Ze, A^ := Z/ and we naturally extend the bilinear form of Aks to A 
by setting (e, e) = (/,/) = 0, (e,/) = -1, (e, Aks) = (/, Aks) = 0. Thus H{X,Z) 
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is isomorphic to A. We call an isomorphism of the lattice f : H{X, Z) ^ A a Mukai 
marking, and a Mukai marking f satisiying f(iJ°(X, Z)) = A°, f(i?''(X, Z)) = 
A'*, f(7J^(X, Z)) = Ak3 a graded Mukai marking. Note that a Mukai marking 
f : H{X, Z) ^ A is not graded in general. Also note that a marking r : H^{X, Z) — > 
Ak3 naturally extends to a graded Mukai marking f (up to Aut(A°) = Aut(A^) = 
{±1}). Now we can state mirror symmetry of the marked K3 surfaces in terms of 
the Mukai lattice. 

Proposition 1.10. Let (X,t) and {X,f), respectively, be generic marked M- 
polarized K3 surfaces and M-polarized K3 surfaces. Then we have the following 
identifications in the abstract Mukai lattice, 

f(NS(X)) f{T{X)) 

® U @ M cA (1.5) 

f{,T{X)) f(NS(X)) 

where NS := H° ® NS ® ^ U ® NS. □ 

Hereafter we fix the basis e, / for the first hyperbolic lattice ( the basis we 
have introduced for the abstract Mukai lattice) and the corresponding basis e, / 
for the second hyperbolic lattice U in (1.5). We assume the intersections to be 

(e,e) = (/,/)=Oand (e, /) = -!. 

Remark. For the lattice C/ ® M in the above embedding (1.5), we can associate 
two different, but isomorphic, domains. One is the period domain r2([/® M) which 
describes the complex structure deformation space of {X, r), and the other is a tube 
domain, 

:= M (g) R + iV{M (g) R) 

where V{M (g) R) := {a; S M (g R | {x,x) > 0}. This tube domain is understood 
as a covering of the complexified Kahler moduli space of {X,f). One can see the 
mirror correspondence explicitly in the map fj, : Q{U (B M) defined by 

li{x) = C{^{x,x)f + x + e), {x = B + iK eT^), (1.6) 

which is called the mirror map. We can verify easily that this map is bijective using 
a property (w, f)^0 for Cw e n{U © M)( see [Do], Lemma (4.1)). □ 

Let f : H{X, Z) — > A be a Mukai marking. We consider the group 

OHodge{A,f{Cu;x)) := {g G 0{A)\g{f{Cux)) = f{Cu;x)}. 

Then OHodge{A, t{Cujx)) ^ OHodge{H{X, Z)) (cf. Definition 1.2). 

Now we can argue two different pictures for the same group OHodge{^^f{Cu)x)) 
based on the mirror relation (1.5). 

The first is to understand this group as the Hodge isometrics of marked M- 
polarized K3 surface {X,t) and its extension (X, f) to a graded Mukai marking. 
By our Theorem 1.6, this group contains the image ch{AuteqD{X)) as a subgroup 
of index at most two. 
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The second is the mirror picture to the first and vahd for the mirror {X,f) 
and its extension (X,f) to a graded Mukai marking. To describe this let us recall 
the mirror relation f(T(X)) = U®M = f{NS{X)) for generic {X,f) and {X,f). 
Among the Hodge isometries in OHodgei^, T{djOx)), let us focus on the isometries 
of A which stabilize f{T{X)) and act as identity on f{T{X)). We denote the 
subgroup consisting of these isometries by 

Now consider an index two subgroup Olf^j^g^{X, f) of 0\j^^g^{X, f) which preserves 
the orientations of the positive two planes in {U ® M) ® R. Recall the isomorphism 
/i : T,^j^VL{U ® M) (1.6) and observe that elements in 0\j^^g^{X^T) preserve each 
complexified Kahler class of the mirror {X,f) defined hy B + iK :— ii~^{Ccox)- 
(On the mirror side, presumably c/i( AuteqD (A)) = 0^^^g^{H{X, Z)) should hold, 
where 0^g^g^{H{X, Z)) is the index two subgroup which preserves the orientations 
of the positive four planes in _ff(A, Z) (g) R. (Sec [Sz, Conjecture 5.4].) Note that 
the tube domain and the period domain Q{U © M) both have two connected 
components. This also seems closely related to such index-two phenomena in the 
present paper.) 

Now recall that the kernel 0(T(A))* ^ 0{f{T{X)))* is a subgroup of 0{T(X)) 
consisting of those elements (j>T{x) such that {(jyj^f^xyid-^^-^^) e 0{T{X))xO{NS{X)) 

extend to elements of 0{H{X, Z)) = 0(A) (cf. Remark after Theorem 1.9). Using 
this extension property, we can identify the subgroup (^^^^^^^(A, f) with 0{T{X))* 

and further its index two subgroup 0]j'^^g^{X,f) with 0+(T(A))*. 

Now we can apply Theorem 1.9 for F = A to see that all elements in 0]^'^^g^{X, f) 
come from the symplectic mapping class group of (A, f) with respect to its Kahler 
class Im(/i~^ (Cwx))- This is the mirror interpretation of the subgroup 0]^'^^^^ {X, f) 
C Onodgei^j f{Cu!x))- Here we have arrived at a subgroup 0]^^^g^{X, f) which has 
the index greater than two in OHodge{^,T{Cux))- This should be attributed to 
the fact that we have replaced the desired autoequivalence group of "DFuA;(A)" 
by the well-known but possibly smaller symplectic mapping class group. Note, for 
example, that the shift functor contained in AuteqZ)(A) does not have its counter 
part in the symplectic mapping class group but should have in "Auteq£'FuA;(A')". 

(1-4) Fourier-Mukai partners and monodromy of the mirror family 

When a derived category D{X) is given, we can ask for the varieties Y which 
admit the equivalence $ : D{X) = D{Y). The smooth projective varieties with this 
property are called Fourier-Mukai(FM) partners of X. If X has ample canonical or 

anticanonical bimdlc, Bondal and Orlov[BO] proved that A itself is the only FM 
partner. For K3 surfaces, however, A has in general finitely many FM partners: 

Proposition 1.11. ([BM, Proposition 5.3], see also [Og2, Proposition (1.9)]) 

For a given K3 surface X, there are only finitely many FM partners. □ 

For a generic K3 surface, or more precisely, for a K3 surfaces of p(A) = 1, the 
number of FM partners has been determined as follows; 
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Proposition 1.12. ([Og2, Proposition (1.10)]) Let X be a K3 surface with 
NS{X) = Zh. Set deg{X) = {K^) = 2n. Then the number of FM partners of X is 
given by 2p(")~-^, where p{\) — 1 and p{n) {n > 2) is the number of prime numbers 
p (> 2) such that p\n. □ 

Wc will arrive at the same number studying the monodromy representation of 
the mirror family X. To define the mirror family let us first remark that a lattice of 
rank one admits a unique primitive embedding into the K3 lattice Aks- Now let us 
consider a rank one lattice M„ = (2n), i.e. a lattice Af„ = Zw with its bilinear form 
determined by {v,v) = 2n. Then because of the uniqueness (up to isomorphism) of 
the primitive embedding we have the following decomposition; 

M„ e [/ e M„ c Ak3, 

where M„ := {-2n)e)U®Es{-l)®'^ . A K3 surface with NS{X) = Zh and dcg{X) = 
2n may be regarded as a generic member of the family of the marked M„-polarized 
K3 surfaces. The mirror family defined in (1-3) is the marked M„-polarized K3 
surfaces {X,f), which are parametrized by the period domain il{T{X)) — il{U (B 
Mn). The generic member {X, f) of the family has its transcendental lattice T{X) = 
U ® Mn and classified by fi°(C/ © M„), a complement of countable union of proper 
closed subsets of ft{U M„). {Q.{U © M„) \ Q,°{U ® M„) is however dense in 
V,{U Mn), see e.g. [Og2]). For generic elements of the marked M-polarized K3 
surfaces, we have: 

Lemma 1.13. Let {Xi,fi) and {X2,f2) be marked Mn-polarized K3 surfaces pa- 
rametrized by VL^{U®Mn)- Then Xi = X2 if and only if there exists g G 0{U ®M„) 
such that g{CTi{uJxi)) = 0x2(^X2)- 

The proof of this lemma will be given in the section 4. Using the natural action i : 
0{U®Mn) AutO°(C/®M„), we consider the quotient space f2°(?7® M„)/0(C/® 
Mn) = n"^+(C/®M„)/0+(t/® Af„), where 9P'+{U®M.„) = n"(C/® M„)nn+(C/® 
Mn) and r2+(J7 ®M„) is one of the two connected components of f2(i7® M„). This 
space is the classifying space of the generic M„-polarizable K3 surface by Lemma 
1.13. The closure of 9P^+{U ® M„)/0+(C/ ® M„) is Vt+{U ® M„)/0+(t/ ® M„). 
Note that ±\du®M„ acts trivially on the period domain, i.e. Ker(i) = {±id[/©M„}- 
This leads to the following definition: 

Definition 1.14. We call the group 0~^{U ® Mn) / {iidu^Mr^} the monodromy 
group of the Mn-polarizable K3 surfaces X , and denote it by A^„(X). □ 

Now consider the definition (1.3) for T(Y) = T{X) ^ U ® M„, and see the 
following composition of natural maps; 

0+{U ® Mn)* ^O+iU® Mn) ^ 0+{U ® Mn)/{±idu(BMj =■■ Mn{X). (1.8) 

Note that — id!70M„ is contained in 0+(J7 ® M„)* only for n = 1 since A{{U ® 
Mn)*/{U ® Mn)) = A{M*/Mn) = {v/2n) ^ Z/2n. Therefore we see that 

Lemma 1.15. The composition map 0'^{U(BMn)* A4n{X) defined in (1.8) is 

injective for n > 2 and has the kernel {±idu(SM„} for n — 1. □ 

Applying our Theorem 1.9 to Y = X and using T{Y) = U (B Mn for a generic 
M„-polarizable K3 surface, we have 

0+{U®Mn)* =Im(7roSymp(X,K^) ^ 0(?7® M„)). 

Based on this relation and Lemma 1.13, we define: 
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Definition 1.16. For a generic symplectic structure (X,k^) of a generic Mn- 
polarizable K3 surface X , we call the group 0^{U © M„)* for n > 2 ( respec- 
tively, the group 0^{U © Mn)* / {±idu®M^} for n = 1) the monodromy represen- 
tation of the symplectic mapping class group of We denote this group by 
MSn{X). □ 

Now we can state our theorem: 

Theorem 1.17. (Main Theorem 3) Let X be a K3 surface of p{X) = 1 and 
deg{X) = 2n. Then the number of FM partners of X is given by the index [M.n{X) : 
MSn{X)]. 

Recall that the number of FM partners is 2^^")"^ by Proposition 1.12. Our 
theorem above derives the same numbers from the monodromy property of the 
mirror family X. A proof of Theorem 1.17 will be given in section 4. 

In section 5, we will also study in details the first non-trivial case of n = 6. 
We will present the monodromy calculations explicitly following [LY2] [PS] [BP] and 
show how the monodromy property is connected to the numbers of FM partners in 
this particular case. 

§2 AUTOEQUIVALENCES AND PROOF OF THEOREM 1.6 

(2-1) Various autoequivalences. 

For our proof of Theorem 1.6 let us recall basic autoequivalences in order. 

1) Shift functor [n]: D{X) D{X){n G Z) defined by K* ^ L' = K'+"\ i.e. 
the shift by n to the left, is an autoequivalence. This functor does not change 
the complex except its order-preserved numbering. However we should note that 
/["!(:= c/i([n])) = -id if n = 1 (2) and /W = id if n = (2) by the definition 
chiK')=j:^{-iychiK'). 

2) Aut{X): An automorphism g G Aut(X) gives rise to an autoequivalence g : 
D{X) D{X) by sending K* to L* with = g*K'^. Since the quasi-inverse to 
g is given hy g~^, g is an autoequivalence. g is represented by a kernel Cr(g) G 
D{XxX), i.e. g = ^^ns,) as an element of Auteq£)(X), where r(g) = {{x,g{x))\x e 
X} C X X X is the graph of g and Or(3) if' the structure sheaf of the reduced 
closed subschcmc T{g) C X x X { which we identify the pushforward L^O^^g^ under 
L : T{g) ^ X X X). The induced action /'^rcg) on H{X, Z) is the puUback by g* . 

3) Tensoring by line bundles: Let jC G Pic(X) be a line bundle (invertible sheaf) on 
X. Then we may associate to it an autoequivalence := ^"^^^ ; D{X) D{X) by 
X ^ tt2*{t^2^ ® ''^1'^) = C®'jt2*{t^iX), where tti and 7r2 are the natural projections 
7ri,2 : X X X ^ X to the first and the second X, respectively. The quasi-inverse 
of this is simply given by . The induced action f'~ := f^'^^ on H{X,Z) is 
the multiplication by the chern character ch{£) = (l,ci(£), ^ci{C)^) in the graded 
ring H{X,Z). 

These three hmctors 1),2),3) above form a subgroup of AuteqD{X) which is 
isomorphic to (Z x PicX) x Aut{X). 

4) Twistings by spherical objects [ST]: Let C be a smooth rational curve in a K3 
surface X, then (C^) = —2. In this paper, we mean by smooth (—2) curve a 
smooth rational curve. Now consider the structure sheaf Oc(-= '-*Cc)- Using the 
exact sequence — > Ox{—C) Ox — > Oc — > and evaluating Ilom{*,Oc), we 
have F,xV{Oc,Oc) = C for i = 0,2 and Ext'(C»c, C»c) = {i ¥= 0,2). This a 
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simple example what is called a spherical object in the derived category [ST]. Here 
we simply summarize relevant results restricting our attentions to the case of K3 
surface X. 

Theorem 2.1. ([ST, Theorem 1.2]) Let X be a K3 surface. £ e D{X) is called 
spherical if it satisfies 

r C i = 0,2 

(Note that Ox{Kx) — Ox-) For a spherical object £ we consider the mapping 
cone C := Cone(7rJf ^ (g) tt2£ Oa) of the natural evaluation ttI£'^ (g) 773^ Oa, 
where A C X x X is the diagonal and Oa is at the zeroth position of the complex 
C. £^ = TiHom{£,Oxxx) is the derived dual of £, and tti and 1^2 are the natural 
projections 7ri_2 '■ X x X ^ X to the first and, the second, respectively. Then the 
functor Ts := ^'^ : D{X) D{X) defines an equivalence. This functor is called a 
twist functor. The corresponding map tg := f^ on H{X, Z) is given by 

te{x) = x + {ch{£)^/td^,x)ch{£)^/td^. (2.1) 

Lemma 2.2. Let Tg {£ = Oc) be the twist functor with respect to a smooth (—2) 

curve C in a K3 surface X and consider an autoequivalence oTg : D{X) 

D{X). Then the corresponding action /'^^(*^) ots in H{X,Z) is a Hodge isometry 
of {H{X, Z), ( , )) and coincides with the reflection by the curve C, 

f^''^^Kt£{x) = x + {x,C}C. 

Proof. Prom the exact sequence — > Ox{—C) Ox — > Oc — > 0, we have 

ch{Oc) = ch{Ox) - ch{Ox{-C)) - (1,0,0) -(1,-C,i(-C)2) = (0,C,1). Now 
for X = (a,/3,7) G H{X, Z) = H°{X, Z) ® H^{X, Z) © H*{X, Z) we have 

t£{x) =x + {ch{Oc)Vtd^, x)ch{Oc)Vtd^ 

= x+ ((0. C, 1) • (1, 0, 1), (a, /?, 7) • (1, 0, 1))(0, 0, 1) 

= (a,/3,7) + (-a + (/3,C))x(0,C,l) 
= {a,p+ {-a + {/3, C))C, 7 - a + (/?, C)) 

Now we note that /<^^(C')(a;) = ch{Ox{C))x, i.e. simply the multiplication by 
ch{Ox{C)) = (1,C, |C^). Composing these two actions we obtain the desired 
result, 

/^-(^) o t£{x) = {a,l3 + (/3, C)C, 7) = a; + {x, C)C □ 

5) Switching functor ( a special case of the Fourier-Mukai transform for fine moduli 
spaces of stable sheaves): Let us first recall the following result due to Mukai. 

Theorem 2.3. ([Mu2] see also [BM, Cor.2.8]) Let X be a K3 surface with a 
fixed polarization. Consider a smooth fine compact two dimensional moduli space 
Y of stable sheaves on X and denote by V the universal sheaf on X x Y ( for 
which we have for each y G Y the stable sheaf Vy = T^yOy on X x {y} = X, 
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which represents the point y in the moduli space Y). Then Y is smooth, hence a K3 
surface and '^y^x '■ -^(^) ^ ^{^) ^ transform and satisfies f^{ch{Oy)) = 
ch{Trx*'Py)Vt3^- (Note that ch{Oy)y/td^ = ch{Oy) = (0, 0, 1).) □ 

For our purpose we apply this theorem to a special case. Let A c X x X be 
the diagonal and 2a be its ideal sheaf va X x X. We can regard X as the fine 
moduli space of the ideal sheaves of points Ix{x € X), which are certainly stable. 
Therefore Xa is the universal sheaf on. X x X. By the above theorem we have the 
corresponding FM transform (autoequivalence) 4>-^^ : D{X) D{X) for which we 
have f-^^{a, f3,j) = {j,—(3,a). The last equation for /-^^ follows from ch{X^) = 
chiOxxx) - chiOA) and /^'^(x) = -x - {ch{Ox)Vtdx,x)ch{Ox)Vtdx, i-e. 

f^^ia, (3, 7) = -{a, /3, 7) - {{a, (3, 7), (1, 0, 1))(1, 0, 1) = (7, a). 

We call this autoequivalence a switching functor. 

(2-2) FM transforms on a K3 surface. 

Here we recall a theorem of Mukai and Orlov on FM transforms on a K3 surface: 

Theorem 2.4. ([Mul,2], [Orl], see also [BM] ) Let X and Y be K3 surfaces. 
Then the following statements are equivalent; 

1) there exists a FM transform 4> : D{Y) D{X) 

2) there exists a Hodge isometry /t : {T{Y), Cooy) {T{X),ujx) 

3) there exists a Hodge isometry f : {H{Y, Z), Cloy) {H{X, Z), Cwx) 

4) Y is isomorphic to a two dimensional fine moduli space of stable sheaves on X. 

In the following arguments, since we need not only the results of Theorem 2.4 

but also the arguments, wc sketch proof here along [BM]: 

1) ^2) Writing the FM transform <I> — '^y^x ^ kernel £, one has a Hodge 
isometry /^^^ : {H{Y,Z),C(Jy) ^ iHiX,Z),CuJx) (Theorem 1.4). Recall that 
the transcendental lattice is the minimal primitive sublattice of H{X, Z) which 
satisfies Cuix C T{X) (g) C. Therefore the restriction fy^x to ^(^) gives the 
desired Hodge isometry /t := fy^xlTv ■ (TiY), Cujy) {T{X), CuJx). 

2) =>3) By Nikulin's theorem of primitive embedding of lattices [Ni, Theorem (1.14.4)] 
/t : (T(y), Civy) ^ (r(X), Ctox) extends to / : {H{Y, Z), Ccuy) ^ {H{X, Z), Ccox) 
satisfying /|r(Y) = fr- 

3) =^4) Since this part is crucial for our purpose, wc present this in detail. Let / : 
{H{Y,Z),Ccuy) {H{X,Z),Clvx) be a Hodge isometry and set v = /((0,0,1)). 
Let us first show that, if necessary composing f with a suitable fx = ch{^x) 
$1 e AuteqD{X), one may assume for v = {r,l,s) that r > 1, I is ample and s 
is coprime to r. First of all let us note that, since I in {r,l,s) = /((0,0, 1)) is 
algebraic, we may assume r > 1 considering a composition f^of with a suitable 
line bmidlc and further with the Hodge isometrics f'^^, Z'^' = —id associated to the 
switching functor and the shift functor [1], respectively. We redefine (r, l,s) to 
be the image of the vector (0, 0, 1) under the compositions to ensure r > 1. Now we 
show that one can satisfy the condition (r, s) = 1 further compositions of suitable 
Hodge isometrics. For this purpose let us write u — (a, 6, c) = /((1, 0,0)). Since / 
is a Hodge isometry we have {u, v) = ((1, 0, 0), (0, 0, 1)) = —1. On the other hand, 
by the definition of ( , ), we calculate {u,v) = —as — cr + {b,l). Therefore we 



14 



S. HOSONO, B.H. LIAN, K. OGUISO AND S.-T. YAU 



have —1 = —as — cr+ (b, I), which means s, r, (h. I) are coprime. The last condition 
ensures that there exists an integer n for which r and s + n{b, I) are coprime. Now 
consider a composition f^x{nb) ^ y fgj. -^j^ici^ have 

fOx(nb) „ 0^ ^ ;Ox(„6)(^) ^ ^ + ^^^^ ^ + ^(^^ + ^^^^ 

Since r and s + n{b, I) are coprime, redefining (r, /, s) to be f^^^''^ o /((0, 0, 1)) we 
have (r, s) = 1 and r > 1. Finally consider a composition by j"Cx(rA) ^j^jj ^ being 
sufficiently ample. Then we have 

f-i-^){r, I, s) = (1, vA, ^))(r, I, s) = (r, r^A + I, K\A, A) + 

i.e. we obtain an ample class for the second factor preserving the other conditions. 
Since all the functors we used so far are Hodge isometrics, we may assume that 

V = /((0, 0, 1)) = (r, I, s) has the desired properties from the beginning. 

Now since (0,0,1) is algebraic and / is a Hodge isometry, v = /((0,0, 1)) is 
also algebraic and lies in H°{X, Z) © NS{X) © H^{X, Z), which is perpendicular 
to T{X). Therefore one can consider the moduli space Y'^ of stable sheaves on X 
whose Mukai vector is v, i.e. stable sheaves £ with ch{£)y/tdx = v with respect to 
the ample polarization /. Recall that since v is primitive is fine [Mu2, Theorem 
A.6] and {v,v) = ((1, 0, 0), (1, 0, 0)) = implies dimy+ = 2. Moreover Y+ is 
smooth, non-empty and compact. This smoothness follows form the Main Theorem 
in [Mul], non-emptiness follows from Theorem 5.4 in [Mu2] and compactness follows 
from Proposition 4.1 in [Mu2] and (r, s) = 1. Then by the main Theorem of 
Bridgeland [Br, Theorems 5.1 and 5.3] (see also [Orl] for another argument) one has 
an equivalence ^y+^x ' ^0^^) ^ ^(^) for which 7^+^;^ ((0,0, 1)) = v. Then, 
using 1)=»3), g := (/^)"^ o / : H{Y, Z) H(Y+,Z) is a Hodge isometry satisfying 
^((0, 0, 1)) = (0, 0, 1). This Hodge isometry g of the Mukai lattices reduces to that of 
the second cohomologies H"^, i.e. g : H'^(Y, Z) = (0, 0, l)-^/Z(0, 0, 1)^H^{Y+, Z) = 
(0, 0, l)-^/Z(0, 0, 1). Therefore by the ToreUi Theorem, we conclude Y ^ Y+. 
4)=>1) This is a special case of the Theorem 2.3. □ 

(2-3) Proofs of Theorem 1.6 

Proof of Theorem 1.6: Now we come to a proof of our main Theorem. Let us 

consider a K3 surface X with a fixed graded Mukai markings fx ■ H{X, Z) — > A. 
We set u'x := fjc(wx)- Then let g G OHodge{H{X,Z)) = OHodge{KCuj'x) and 
consider ^((0, 0, 1)). As in the proof of Theorem 2.4 we consider compositions of g 
with the Hodge isometrics , /^^ , which correspond to autocquivalcnces and 
$ , respectively. Choosing a suitable composition, we may assume 

°5((0,0,1)) = {a Ac) 

with a and c coprime and b ample, i.e. b = fx{B) for an ample line bundle on X, 
where F{fx^ i ' ' ' ) represents the composition we chose. Then, since the marking 
fx is graded, and by the argument for 3)=> 4) of Theorem 2.4, there is a K3 surface 

Y and £ € D{Y x X) such that ^y^x '■ -^(^) ~* ^{^) is an equivalence and 
/r^x((0>0>l)) = {a,b,c). Here the Hodge isometry f^^^ ■ {H{Y,Z),Cujy) ^ 
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(A, Clu'x) under the graded Mukai marking fy : H{Y, Z) A with uiy = fy(a;y). 
Now consider a Hodge isonietry under this identification 

h := {F{f§,\f§,\fjt)og)-^of^^^ : (A, Ca;^) ^ (A,Ca;^). (2.2) 

Then this has the property /i((0, 0,1)) = (0,0,1). Therefore h induces a Hodge 
isometry in the K3 lattice A^ = (0, 0, l)-^/Z(0, 0, 1); 

h : ((0, 0, 1)^/Z(0, 0, 1), Ca;^)^((0, 0, 1)^/Z(0, 0, 1), CJ^)- 

Since the Mukai marking fx and fy are graded, fx ° h o f'^\H'^(Y,z) is a Hodge 
isometry from {H'^{Y, Z), Cujy) to {H^iX, Z), Cux)- This implies that F ^ X and 
that the map h in (2.2) is a Hodge isometry from (A, Ccj^) to (A, Cui'-^). Now set 
/i((l, 0, 0)) = (a, b, c). Then since h is an isometry, one has 

- 2ac = {{a, 6, c), (a, b, c)) = ((1, 0, 0), (1, 0, 0)) = 
-a = {{a, b, c), (0, 0, 1)) = ((1, 0, 0), (0, 0, 1)) = -1. 

Therefore one knows /i((l,0,G)) = {a,b,c) = (1,6, |6^). Since (1,0,0) is algebraic 

and h is a Hodge isometry. (1, h. ife^) is algebraic, i.e. b comes from a line bundle, 
say, B. Let be the Hodge isometry corresponding to the autoequivalence 

^ Then we have a Hodge isometry 

k := /^-^) oh -.{A, Cw'x) ^ (A, Co;^) 

which satisfies fc((l,0,0)) = (1,0,0) and A;((0,0,1)) = (0,0,1) • (1,-6, ^ft^) = 
(0, 0, 1). In particular we have k\/^2 : (A^, Cuj'x) — > (A^, Cuj'x), where A^ — Ak3. 

Recall that the reflections rci , • ■ ■ > smooth (—2) curves 

Ci, • • • , C„ come from the twisting functors ^^^^'^^^ o Tci, • • • , ^.^-^e^-^ o Tc„. 
These reflections act as identity on A*^, A^ and act on A^. The composition 

l:=rc,o---orc^ok: (A, Clu'x) (A, Clu'^) 

satisfies Z((0, 0, 1)) = (0, 0, 1), /((1, 0, 0)) = (1, 0, 0) and / : (A^, Clo'^) (A^, Cco'^). 
Now define the positive cone to be one of the two connected components of 
{x G Tx{NS{X)) (gjILKx, x) > 0} which contains the ample class. Using the Nakai- 
Moishezon criterion, the Hodge index Theorem, and the fact that any irreducible 
curve C C X satisfles > unless C = P^, we may describe the ample cone 
A{X) by 

A{X) = {xGV+ I (.x,C) >G,VC^spi}. 

This means A(X) is the fundamental domain of the reflection group {rc\C = 
P^,C C X) acting on . Therefore composing suitable reflections, and (-2 if 
necessary^, we can assume that I preserves the ample A{X). (This is the only place 
where we may need the Hodge isometry L2-) Therefore there is an automorphism 

^We thank B. Szendroi for pointing this out to us. 
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ip G Aut(X) such that I = ip*{= /x""'*"') by the global Torelli theorem. Here we 
note that (p* is identity on A° and A^. To summarize, we have obtained an identity 

rc,o...orc^o {i^y o /j,-^) o {F{f^- , f^^fl^) o g)-' o /|^^ = cp* 

as an element of Onodgeii^, ^'^'x)) — OHodge{H{X, Z)). In the above equation all, 
except possibly g, are in the group generated by the image of the homomorphism 

Ch : AuteqD{X) ^ OHodge{H{X, Z)) = OHodgeik Cuj'x), 

and t2- Therefore we conclude that g G {lm{ch) , L2) as well. □ 

§3 Symplectic mapping class group and Proof of Theorem 1.9 

In this section we prove the surjectivity of the map Symp{Y, ny) 0^{T{Y))* 
which implies Theorem 1.9. (Note that Symp^iY, ky) acts on H^{Y, Z) trivially.) 

Let F be a K3 surface and A{Y) C NS{Y) (g) R be the ample cone. As described 
in Definition 1.7, for Ky S A{Y) we consider a symplectic structure {Y,ky) and 
the group of symplectic diffeomorphisms Symp(F, Ky). We assume this symplectic 
structure (Y, Ky) is generic. Under this assumption we consider the induced action 
g* on H^{Y, Z) of 5 G Symp(r,Ky). 

Lemma 3.1. Let {Y,Ky) be a generic symplectic structure in the sense of Defini- 
tion 1.7, 4) o,nd g G Symp{Y,Ky). Then we have 

1) g*{NS{Y)) = NSiY), in fact g*\MS{Y) = idNS(Y), 

2) g*{T{Y))=T{Y). 

Proof. Let us first recall that if Ky is generic, then NSiY) is characterized as 
the minimal primitive sublattice of H'^{Y,7i) which contains Ky after tensoring 
with R. (See the definition and Remark given after Definition 1.7.) This implies 
g*{NS{Y)) = NS{Y), since g*{Ky) = Ky and g*{H^{Y,Z)) = H^{Y,Z). (Note 
that a diffeomorphism g G Diff{Y) does not preserve the lattice NS(Y) in gen- 
eral.) The induced action g* oi g G Diff(Y) on H'^{Y, Z) is an isometry. Therefore 
we may conclude g*(T(F)) = T{Y) as well from g*{NSiY)) = NS(Y) and T{Y) = 
NS{Y)-^ in H'^{Y,Z). Moreover, one can show g*\NS(Y) = idArs(i') as follows: Let 
X G NS(Y). Then {Ky,g*x) = {g*Ky,g*x) = {Ky,x), i.e. {Ky,g*x ~ x) ~ and 
g*x - X G NS{Y). If g*x - x 0, then one has Ky G {g*x - a;)-"- (g) R, where 
{g*x — x)-^ is the orthogonal lattice in NS{Y). This is a contradiction to the 
minimality of NS{Y) for generic Ky. This proves g*x = x for all x G NSiY). □ 

Recall the definition of the kernel subgroup 0(T(y))* and its index two subgroup 
0+(T(y))* = 0(r(r))* n 0+(T(y)). We can now prove our Theorem 1.9 using 
the Theorem 1.8. 

Proof of Theorem 1.9: Let g G Symp(Y', /ty). Consider the induced action on the 

discriminant groups Ans(y) = NSiY)* /NSiY) and Any) = r(r)*/T(y). Then 
by Lemma 3.1 we see that NSiY) and T(Y) are stable under the induced action 
g*, and g*\ANsm = ''^^A^sm- This implies g*\ATm = id^T(y)' and g*\T(Y) G 
OiTiY))*. Since g G Symp(y,Ky) C DiffiY), we have g* G 0+iH^iY,Z)) by 
Theorem 1.8 and g*iKy) ~ Ky by the assumption. Putting all together, we conclude 
that g*\T{Y) G 0+(T(y)) and further g*\T(Y) G 0+(r(r))*. Other statements in 
Theorem 1.9, 1) are included in Lemma 3.1. 
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To show the surjectivity of the map Symp(Y,Ky) (T{Y))* , let us take 

<p e 0+{T{Y))*. Then (id, (p) € 0{NS(Y)) x 0{T{Y)) extends to (p € 0{H^{Y, Z)) 
since id|A„s(y) — ^'^Ap,s(y) ^^'^ "^Urcy) — '^^yiT(Y) ■ T^^^s extension (fi is an element in 
C'+(ij2(y,Z)) since f e 0+{T{Y)) and id(KY) = Ky Then Theorem 1.8 ensures 
the existence g G Diff(Y) such that g* = (p. By construction of (p^ we have 
g e Symp(y, Ky) and 5*|t(y) = This shows the surjectivity. □ 

§4 MONODROMY GROUP, FM PARTNERS, AND PROOF OF THEOREM 1.17 

Here we present Proof of Lemma 1.13 and Proof of Theorem 1.17. 

Proof of Lemma 1.13: Recall that for generic {Xi , n ) and {X2 , r2 ) we have Tj (T (Xi ) ) 
= U ® M„ for i = 1,2. li Xi = X2, then there exists a Hodge isometry (p* : 
H^{X2,Z) H'^{Xi,Z). Since the Hodge isometry maps the transcendental lat- 
tice to the transcendental lattice, i.e. ip* : T{X2) — > T{Xi), the restriction of 
T2 o {(p*)~^ o Tj""^ to f/ © M„ gives a desired isometry g oi U ® M^. 

Conversely, assume there exists g G 0(i7©M„) with the property 5 (Cri( w^^)) = 
CT2(a;^^). Since the primitive embedding U ® M„ ^ Aks is unique up to isomor- 
phism [Ni,(1.14.4)], there is an isometry g : Ak3 Aks such that g\uQM.a = S- 
Then Tj^^ o ^ o n is a Hodge isometry from iJ^(Xi,Z) to ff^(X2,Z). Therefore 
Xi = X2 by the ToreUi Theorem. □ 

We can now proceed to Proof of Theorem 1.17. However we state one general 
result whose special case will be used in the proof. 

Lemma 4.1. Let M be a lattice of signature (l,t) and U be the hyperbolic lattice. 
Consider the lattice N = U (B M. Denote the discriminant by An = N*/N = 
M* /M and consider the orthogonal group 0{Am) with respect to the natural induced 
form on An. Then 

[0{N) : 0{Nr\ = \0{An% 
where 0{N)* = Ker{0{N) 0{An)). 

Proof Since N = U®M, we have 1{An) = 1{Am) and rkA^ > 1{An) + 2. Here 1{A) 
denotes the minimal number of generators of a finite abelian group A. Therefore 
by [Ni, Theorem 1.14.2], the natural map 0{N) 0{A]\[) is surjective. Then the 
result follows immediately by the definition of the kernel 0{N)* . □ 

Proof of Theorem 1.17: Since the case n = 1 is easy, we consider only the case 
n > 2. For the lattice M„ = (2«) the group 0{Aij(^m„) is easily described by the 
Chinese remainder theorem as 

0{AueMj = 0(M*/M„) = 0(Z/2n) ^ (Z/2)f("), 

where p{n) is the number of the primes dividing n (cf. [Sc, lemma 3.6.1] and the 
proof there). Using the Lemma 4.1 we have 

[0(C/®M„) : 0(C/®M„)*] = |0(Ac/eM„)| =2f("). 

Since 0{U © M„)* 0(U © M„)/{±id} is injective (Lemma 1.15), we have 



[0{U © M„)/{±id} : 0{U © M„)*] = 2f(")-^ 
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By definition we have [0{U ® M„)* : 0+{U (S) M„)*] < 2, and we find an element 
(-id(7,idM„) in 0{U ® Mn)* \0+{u ® M^)* , thus we can conclude [0(f7® M„)* : 
0+{U e Mr,)*] = 2. We have [0(J7 ® M„)/{±id} : O+iU ® M„)/{±id}] = 2 as 
well. Therefore we finally conclude 

[O+iU ® M„)/{±id} :0+{U® Mn)*] = 2f(")-i, 

i.e. [Mn{X) : MSniX)] = 2p(")-i □ 

§5 Mirror family of a K3 surface with deg(X) = 12 

1 ) The mirror family: Consider the following one-parameter family of a surface 
given by three quadrics and a hypcrplane in P^; 



Ui + U2 + U3 + U4 + U5 + Ue-^Uo = (V' e C \ {±2,±6}) 
UiU2 = Ul UzUi = Ul U5U6 = Ul 



where Uf), ■ • • ,Uq are homogeneous coordinates of P^. Q{tp) has 12 double points 
at Uo = 0, which may be blown up to 

' Ui + U2 + U3 + U4 + U5 + U6-^Uo^O {i,^ ±2,±6) 

Q(V') : < UiVy = V2U0, U3V3 = ViUo, U5V5 = VqUq 
_ U2V2 = VrUo, U4V4 = V3U0, UeVe = V5U0, 

whereJ[[/o, • • • , Uq], [1/1,^2], [V3, 14], [V5, Vq]) G P^ x P^ x P^ x P^. The natural 
map Q{tp) — > Q{tlj) is a crepant resolution and we see that Q{tp) is a smooth K3 
surface. Also we may verify that the singularities of Q{ip) at = ±2, ±6 are 

ordinary double points. 

Theorem 5.1. ([PS, Theorem 1]) For generic V' G C \ {±2, ±6}, one has 
NSiQii^)) ^ (BU® (-12). 

Sketch of Proof. Blowing up the 12 double points introduces the following 12 lines; 
i.e. a line 

/o,+i,+i := {([0, 0, 0, 1, 0,-1, 0], [Vi, V2], [0, 1], [0, i])|(yi, V2) e pi} 

and its obvious permutations of the coordinates, which appear 12 middle points of 
the cube in Fig.l. As wc sec in Fig.l, there arc 8 lines of different typo. These are 
represented by lines (corresponding to the corners of the cube in Fig.l), e.g. 

:= {([0, Ui, 0, C/3, 0, C/5, 0], [0, 1], [0, 1], [0, l])\Ui + C/3 + f/s = 0}. 

These two types of lines are independent of ip and altogether generate a sublattice 
of rank 17 in NS{Q{tp)). What is interesting, and even crucial for the following 
analysis, is that we have 12 more lines which dependents on tp, and which are 
typically represented by 

mi,+i,+i(/3) := {{[Uo,pUo,p-'Uo,Us,U4,-U3, - U4], [l,/3], [^3,14], [^3,-^4]) | 

U3V3 = V4Uo,U4V4 = V3Uo} 
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with l3 satisfying /3 + = -0. Suitable permutations of the coordinates generate 
12 lines of this type. These lines contribute two more linearly independent classes 
in NS{Q{ipj), and in total we see rkQ(V') > 19. On the other hand, 19 is the 
maximal Picard number for a non-constant family of K3 surfaces (see e.g. [Ogl, 
Main Theorem]). Therefore TkQ{ip) = 19 for generic ip & C \ {±2, ±6}. Working 
out the intersection numbers in detail, we obtain the desired result. □ 




m 



0-1-1 +1-1-1 



FiG.l. Cube [-1,1]^ representing the lines. The notation -1-1 -t- 
1 — 1, for example, represents the line Two additional hues, 

mi, +!,+!, 7712,-1-1,-1, are also written to show the generators of two -B8(— 1) 
lattices. 

Remark. Q{iIj) may be written in the affine chart C/q 7^ by a single equation, 

/(X,y,Z) = X + l + F+i + Z + i-V, (5.1) 

where X = Ui/Uo,Y — Uy,/Uo,Z — U^/Uq. The Newton poly tope of this defining 
equation is simply given by the convex hull Conv.({(±l, 0, 0), (0, ±1, 0), (0, 0, ±1)}). 
Then the polar dual of this polytope is given by [—1,1]'^, which is the cube depicted 
in Fig.l. In fact, the polytope [—1, 1]^ is so-called reflexive polytope considered by 
Batyrev [Bal] to explain the mirror symmetry of Calabi-Yau hypersurfaces in toric 
varieties. If we follow his construction, we obtain a defining equation 

f{X, Y, Z) = V>i(X + 1) + i,2{Y +^)+ MZ + |) + 1 

for a generic hypersurface in a toric (Fano) variety whose crepant resolution may be 
read from the toric diagram (the cube) in Fig.l. When we fix a crepant resolution 
of the ambient toric variety, the generic hypersurface defines a family of smooth K3 
surfaces with the Neron-Severi lattice of rank 17, which is generated by the lines 
appeared in the vertices of the cube. Our K3 surface Q{ip) is a specialization of 
this generic family to tj'ji = ijj2 = t/Js = (sec [LY2]). □ 

Proposition 5.2. {(5(^)}^ec\{±2,±6} is a (covering of the) family mirror to (12)- 
polarizable K3 surface. 

Proof. For the lattice -M„ = (2n) , the orthogonal lattice in the K3 lattice Ak3 
has the form = {/ ® M„ with 



Mn = {-'2:n)®U®Es{-l)' 
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Then combining this with Theorem 5.1, we conclude the statement for n = 6. □ 

Remark. Note the isomorphism Q{ip) = Q{~tp). Indeed, in the formula (5.1) one 
sees a birational map Q{ip) <3(— V") • Z) {—X, ~Y, —Z). Since any bira- 

tional map between K3 surfaces is biregular (isomorphism), the claim follows. □ 

2) Period integrals, PF equation and monodromy: For \ip\ > 6 consider the integral; 

If -V- dXdYdZ 

n(V') = 



{2nir J^^^^^y^^^z\=i f{X,Y,Z) X Y Z 

for the defining equation f{X, Y, Z) (5.1) of Q{ip) in the affine chart Uq ^ 0. This 
integral represents a period integral for the family Q{ip) (see [PS],[Ba2]). 

Proposition 5.3. ([Ba2], [LY2]) When \tp\ > 6, the integral can be evaluated to 
be a convergent power series 

n(.)= ^ c(fc,/,m)x^+'-:= E fit^nC'P ^^^=^)' 

and satisfies the following differential equation: 

{e^ + 36x'^{e + l){2e + 1)(26» + 3) - 2a;(26i + l)(106i^ + 106» + 3)}n(a:) = 0, (5.2) 
where 6 = x-^. □ 

The differential equation is defined on P"'^ and has regular singularities at x = 
0, J, oo. Thus the affine space C is naturally compactified to P^ considering the 
boundary point V = oo (a; = ^ = 0). (Note that ±tjj are naturally identified in 

accord with the isomorphism Q{ip) = Q{—tp).) The boundary point a; = is the 
so-called maximally unipotent monodromy point [Mol], and plays important roles 
in the applications of mirror symmetry. As we see in (5.2), about this boundary 
point all indices of the local solutions degenerate to zero, and we may apply the 
Frobenius method to generate all solutions (see, e.g. [HLY] and references therein 
for details). Now we define a ratio of two solutions 

* 2^|^^°s"("'^)l^=° = 2^n^|^n(^'^)l^=°' ^'-^^ 

where n(a;, p) := J2k i m>o '^(^ + p,l + p,m + p)a;'^+'+™+-'''' is the formal extension 
of the series to apply the Frobenius method. The ratio (5.3) may be regarded as 
a projective coordinate of the period point in fl{U (B M„) (cf. [Do, Section 7]). 
The inverse relation to (5.3), i.e. x = x{t) is called the mirror map. In [LYl], nice 
modular properties related to the genus zero modular groups have been observed 
for many examples of the mirror family of M„-polarized K3 surfaces. In our case 
of Qiip), it may be summarized as follows: 

Proposition 5.4. ([LY2]) The mirror map x = x{t) is the Hauptmodul of the 
genus zero modular group ro(6)+ and satisfies the following Schwarzian equation: 

, , 1 - 52x + 1500a;2 - 6048a;3 + 15552a;^ 
{t,x] = 



2(1 - 36a;)2(l - 4a;)2a;2 



where {i, a;} = ^ - l{Qf with ' := j-- □ 
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Remark. 1) Wc follow the notation in [CN] for the extension of the group ro(n) by 
the involutory normalizers, the Fricke involution and the Atkin-Lehner involutions. 
The Pricke involution is a normalizer in PSL{2, R) of the modular subgroup, 



ro(n) 



^(c ^) ePS'L(2,Z) |c = Omodn}, 



and it is represented by a coset W„ := ( _ ^ ) ro(n). The Atkin-Lehner 



.V& 

involutions Wr are generalizations of the Fricke involution (r — n) where r > 1 is 
a divisor of n such that r and n/r are coprime. {Wi — ro(n).) Then the notation 
ro(n)+ is used to represent the group obtained from ro(n) by adjoining all possible 
Atkin-Lehner involutions, while the ro(n)+„ represents the group joined the Fricke 
involution only. In our case we may work out explicit generators of the groups as 
follows; 



1 



(5.4) 



2) In [BP] a different family of K3 surfaces and therefore a different Picard-Fuchs 
equation is studied. The family in [BP] is a different covering of the mirror family of 
(12)-polarizable K3 surfaces. The definitions of the Period integral and the mirror 
map X = x{t) are parallel to our family Q{tp). In this case, we obtain for the mirror 
map X = x{t) the Hauptmodul of the genus zero modular group ro(6)+6, which 
is an index two subgroup of ro(6)+. The difference of the modular group comes 
from the difference of the covering. In fact, the precise relation between these two 
parametrizations may be found in [PS, Remark4]. 

3) The Schwartzian equation in Theorem 5.4 has four singularities at 0,-^,j,oo. 
To sec these singularities in one affine chart, it is convenient to apply a fractional 
linear transformation z = i2x+i '^^lich sends the four singular points (0, ^,00) 
to (ao, ai, a2, CI3) = (0,1,3,4). Then the Schwartzian equation may be written in 
the standard form (see [Hi, Chapter 10] for example): 



1=0 



with (ao,ai, 02,03) = (0, |, |, |) and {Po, Pi, P2, fis) = (M' ^' "D- ^he 
ai's determine the local form of the mapping t{z) = co(z — a^)"' + • • • near the 
singularities. From this we can determine the image of the c;omplex x plane to the 
upper half plane parametrized by t. In fact, since the group ro(6)+ is a genus zero 
group, the image coincides with a fundamental domain of the group. In Fig. 2, we 
have depicted the fundamental domain of ro(6)+ and also that of ro(6)+6- D 
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Fig. 2. Fundamental domain of ro(6)+. The fundamental domain 
of ro(6)-|- is shown as an image of a complex x-plane hy t = t{x). See 
also Tabic 1 for the correspondence of the (regular) singular points and 
the points of non- trivial stabilizer on the f-plane. The union U U 
-D+ U D'_ represents the fundamental domain of ro(6)+6. 



X 


t 


stabilizer 


FM transform 



1 

36 

1 

4 

OO 


ioo 

i 

i + 

3^6' 


--a f) 

S2SiT-^ 


$1 = To^ 



Table 1. Monodromy matrices and FM transforms. For the 
regular singular points on the x-plane, we list the corresponding mon- 
odromy matrices as an element in ro(6)+ and FM transforms. The blank 
(-) in the third (and the fourth) line indicates that this docs not come 
from Auteq£)(X) (see Proposition 5.8 and Remark after that). 

The relation between the modular group and the monodromy group of the period 
integrals is described by the well-known relation; 

PS'L(2,R) ^ 50+(2,l;R). (5.5) 

Let us describe this isomorphism explicitly for the Minkowski space R^'^ = {U (B 
Mn) (S> R fixing a basis e, v, f for the lattice U ® M„ ( precisely i7 = Ze © Z/ and 
Mn = Zv with {v,v) = 2n). Then the orthogonal group is defined by 

/ 0-1 

50(2,1;R):={<?| *r7Eff = E,det(5) = l}, S= 2n 

\-l 
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SO~^{2, 1;R) is an index two subgroup consisting of the elements which preserve 
orientations of the positive two planes. We can write the isomorphism (5.5) (anti- 
homomorphism) explicitly; 

. X / 2ac ^\ 

R:[l ',)^[ab ad + bc (5.6) 
^ ^ \nb^ 2nbd (f ) 

We may also consider the natural map 0{U ® M„) 0(2,1;R) and define a 
homomorphism F : 0+{U M„) 50+ (2, 1;R) by F{g) = det{g)g. Then we 
have KerF = {±idc/0M„} and thus the induced map 

F : Mn{X) = 0+{U e M„)/{±idc/eM„} ^ SO+{2, 1; R) ^ P5L(2,R) 

is injective. For a subgroup G C 0~^{U ® M„), consider the following composition 
map: 

q : G ^ 0+{U ® Mn) ^ 0+{U ® M„)/{±id[/eMj. 

Then, up to the kernel Ker(gr), we can identify G with the image oF o q{G) in 
PSL{2, R). For example, using the (injective) map (1.8) we may regard the group 
0+{U ® M„)* (n > 2) as a subgroup of PSL{2, R). 

The following group isomorphisms are derived in purely arithmetic manner in 
[Do], and will be utilized in the following. 

Theorem 5.5. ( [Do, Theorem (7.1), Remark (7.2)]) We have: 

1) 0+{U (BMn)* =To{n)+n {n>2),0+{U®M^y/{±idu(BM^} = PSL{2,Z) 

2) 0+{U®Mn)/{±idu®Mj^To{n)+ □ 

Remark. When Ker(<7) is non-trivial, wc encounter the sign ambiguity to deter- 
mine G C 0+([/ © Mn) from its image in PSL{2, R). However the different choice 
of the sign can be understood as coming from the Hodge isometry associated to 
the shift functor [1] or its coiuiterpart in AiitcqD Fuk{X) . Because of this, wc do 
not have to pay much attention to this sign problem. This is a reason we define 
the monodromy group A4n{X) by the quotient 0+(f ® Mn)/{±idu^M„} instead 
of the conventional definition of the monodromy group of the period integrals. □ 

3) Monodromy S2 and FM partner: For each stabilizer T, 81,82 G ro(6)+ de- 
fined in Table 1, consider the matrices R{T) , R{Si) , R{82) G 50+(2,l;R). We 
can verify these matrices are in the image of the map 0+(?7® M„)/{±idt/©M„} 
S'0+(2,1;R). Though the preimagesf',5i,52 G 0+ {U®Mr,) of R{T), RiSi), Ri82) 
arc determined only up to signs as matrices, we fix these signs so that T = R{T), 
Si = -Ri8i), §2 = -Ri82), i.e. 

/I 0\ _ / -1\ /-2 -12 -3\ 

f'= l 1 ,5i= 1 ,^2=1 5 1. 
\6 12 1/ \-l 0/ \-3 -12 -2/ 

These matrices arc understood as the monodromy around the regular singular 
points in the x-plane since the regular singularities of the Picard-Fuchs equation 
(5.2) are mapped to the corresponding points with non- trivial stabilizers under the 
map t = t{x). The choices of the signs above are made so that they are consistent to 
the local properties of the PF equation, for example, det(5i) = det(S2) = — 1 which 
come from the Picard-Lefshetz formula around the corresponding double points of 
(5(±6) and Q{±2) respectively. 
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Proposition 5.6. The matrices R{T), i?(5i), R{S2) generate the monodromy group 

Mq{X) = 0+{U © Mfi)/{±idu(sMG} defined in Definition 1.16 (n = 6). 

Proof. Note that the stabihzer ^2 may be related to the generators of ro(6)-|- by 

^ I . Then by Theorem 5.5, 2) the claim follows. □ 
2\/3 V3j 

Proposition 5.7. Consider Mq = (12), then one has: 

1) f,Si € 0+{U(BMe)*. 

2) ±82 e 0+ {U ® M6)\0+ {U ® Me)* , i.e. ±82 does not come from the symplectic 
mapping class group of X . 

3) The monodromy representation of the symplectic diffeomorphisms AiSQ{X){= 
0+{U e Me)*) is generated by f, §1, {§182^. 

Proof The discriminant is given by Au^Me — Mq/Mq = ^v/Zv. Since both T 

and 5^1 act on the basis v by v 1-^ v mod U , the induced action on the discriminant is 
the identity idAu^M^ ■ This shows 1). On the other hand ^2 acts on v non-trivially, 
V 5v mod U. Therefore ±52 G 0~^{U ® Me) does not belong to the kernel 
0+{U(S Me)*. By Theorem 1.9 we conclude 2). 

For 3), let us evaluate (8182)^ = {R{8i)R{82))^ = {R{828i))^ = R{{828i)'^) {R 
is an anti-homomorphism) and note that 

V2^/3 V3j V12 5 

Therefore we obtain three generators T, ^i, 8281 of ro(6)+6 which is isomorphic to 

0+{U ® Me)* by Theorem 5.5, 1). □ 

Remark. The 52 represents the monodromy around x = j and has a simple 
geometric interpretation. Let us recall the explicit construc;tions of the algebraic 
cycles (lines) in Q{'>Jj){= X). As we have sketched in the proof of Theorem 5.1, we 
may take 17 linearly independent lines in NS{Q{^jJ)) which are independent of ^jJ 
(coming from the toric divisors of the ambient space). The full lattice N8{Q{ip)) 
is obtained by considering the lines, m(/3)-lines, which are dependent of generic V' 
+ f3~^ = tp). Explicitly we have 



8281 



^ ± VV-^ - 4 1±VT^ I 1, 

= 2 = 2Vi 

Namely ai x = \ two lines m{f3+) and m{f3-) coincide, and these are exchanged 
under the monodromy operation around x = j. (The monodromy around a; = 
is fictitious because of the isomorphism (5('0) = Q{—tp).) By Lemma 3.1, 1) the 
induced actions of the symplectic diffeomorphisms must be trivial on the lattice 
N8{X) if the symplectic structure is generic. Therefore the non-trivial monodromy 
behavior of the m(/9)-lines explains that the monodromy ^2 does not come from 
the symplectic diffeomorphism for a generic symplectic structure on X. We may 
argue similarly the monodromy around a; = 00. □ 



Combining Proposition 5.6 and Proposition 5.7, we evaluate directly the group 
index, [A1„(X) : A4Sn{X)] =2 (n = 6), which reproduce the number p(6) = 2 of 
FM partners of the mirror X (Proposition 1.12) from completely different picture. 
Finally let us prove that the monodromy ±^2 in Proposition 5.7, 2) does not come 
from the autoequivalence of D{X). 
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Proposition 5.8. Let X be a generic = (12) -polarizable K3 surface, i.e. the 
mirror ofQiip), then the monodromy ±82 € 0+{U ^Mq) = 0+{NS{X)) does not 
come from AuteqD{X). 

Proof. Since ±^2 ^ 0+{U © M„)*, the element (±5*2, id^^jy^^) e 0{U © M„) x 
0{U®Mn) does not extend to an isometry 0(A) ( where f/ © M„ © [/ © M„ C A). 
Note that for (X, r) generic, we have t{T{X)) = U ® Mn- Note also that when 
p{X) = 1, the restriction f\T{x) of a Hodge isometry / e OHodge{H{X,7i),CL0x) 
is trivial, i.e. /|t(x) = iidT(x) (^ee for example [Og2,(4.1)]). Therefore ^2 does 
not extend to a Hodge isometry in 0(A, Cwi) (wi = t{ujx))- By Theorem 1.6, we 
obtain the desired result. □ 

Remark. As explained in the previous Remark (after Proposition 5.7), ^2 e 
0+([/ © Mg) comes from the monodromy about x = j, and the monodromy acts 
non-trivially on NS{X){= Mq) oi X = Qitp). Recall that the lines depicted in the 
toric diagram (the cube) in Fig.l are independent of -0, and generate a sublatticc 
of rank 17 in NS{X). This sublattice has signature (1,16) ([PS, Proposition 1]). 
Therefore the monodromy around x = j fixes this sublattice of signature (1, 16). 
From this argument, we see that the monodromy around x = j preserves the 
orientations of the positive three planes in [/ © Mg © Mg C Ak3 = H'^iX, Z). By 
the surjectivity 2) in Theorem 1.8, we may conclude that the monodromy does 
come from Diff{X) although it docs not come from Symp{X , kj^) (Proposition 
5.7,2)). Now the mirror counterpart to this statement is clear. We expect that: Let 
X be a generic Mq = (12) -polarizable K3 surface and Y X be the FM partner 
of X . Then for the monodromy S2 there exists a kernel £ G D{X x Y) such that 
ch{<^^x^Y)\u®Ms = S2 in 0^{U © Mq). Unfortunately, this does not follow 
directly from Theorem 1.6 (Main Theorem 1). □ 
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